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Abstract 

We give upper bounds on the order of the automorphism group of a simple graph 



In this note we present some upper bounds on the order of the automorphism group of 
a graph, which is assumed to be simple, having no loops or multiple edges. Somewhat 
surprisingly, we did not find such bounds in the literature and the goal of this paper is to 
fill this gap. As a matter of fact, implicitly such bounds were contained in works dealing 
with the edge reconstruction conjecture and are the corollaries of a simple theorem which 
is presented below (Theorem 1). Therefore we bring together a few results spread in 
different, sometimes in difficult to reach, sources (see Theorem 2 below). In Theorem 3 



we derive a new bound, based on the notion of a greedy spanning tree . This new bound 
improves, in many cases, the bounds (1) and (2) of Theorem 2. 

We will use the following notation. Let F be a spanning subgraph of a fixed copy of a 
graph G. The number of embeddings of F in G, that is the number of labeled copies of F in 
G, is denoted by \F G\. Clearly \F ^ G\ ^ s{F G)aut{F), where s{F G) is the 
number of subgraphs of G isomorphic to F and aut{F) is the order of the automorphism 
group of F. We also use n — n{G) for the number of vertices and e = e(G) for the number 
of edges of G. As usual, Aq, Sq and da stand for the maximum, the minimum and the 
average degree of G respectively. The degree of a vertex v EG is denoted by daiv). 

Theorem 1 Let F be a spanning subgraph of a graph G, Then 

aut{G) <\F ^G\= s{F G)aut{F). 



Proof. Let : G — > G be an automorphism of G and let Fi be a fixed copy of F in G. 
Then, as F is a spanning subgraph of G, (f) is completely determined by the knowledge of 
4>{Fi). Since the number of different images (p{Fi) does not exceed \F — > G|, the result 
follows. 

Some relevant estimates of |F ^ G|, s{F G) and aut{F) for graphs in general and for 
special families of graphs arc known and have been obtained mainly in connection with 
the edge reconstruction conjecture. We try to collect them in the following 

Theorem 2 Let G he a connected graph, then 

aut{G)<n{AG)\{^G-lT-''°-' (1) 



Let T be a spanning tree in G, then 

aut{G)<^{dGT n {dT{v)-l)\ (2) 

Let p — p{G) be the path covering number of a graph, i.e. the minimum number of 
vertex-disjoint paths containing all vertices of G. Then 

aut{G) < 2pn2P(2^/«6^/2^)^-" (3) 

e-n+3-26Q 

aut{G) < ((iG)"((^G - l)!)(^G-iK^G-2), (4) 
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provided 5g > 3. 

Let G be either a square of a graph or a three- connected planar graph, then 

aut{G) < 3 ^J^i^ (5) 
Ag 

Let G be a Ki^m-free graph, then 

aut{G) < (6) 



If G has a hamiltonian path then 

md(G) < ni 

n — 1 



aut{G) < ri(^— (7) 



aut{G) < 2ri2 (2^/^6^/24) e-n 

Proof. Everywhere in the sequel T is a spanning tree in G. The bound is just 
Gaunter and Nash-Wilhams' estimate for |T — >• G|, see jl] and |SIIH]- 
It has been shown in [5| that 

.(T ^ G) < n^i^^M^ < ^, (9) 

and 

autiT) < At n (dT{v) - 1)!, (10) 

giving (0), see also [21. 

If G satisfies > 2, A^ > 3, than there is a spanning tree T in G such that j3] 

e — n-\-Z — 28Q 

aut{T) < Ag ((Ag - 1)!)(%-i)(Ag-2), 

This gives (gD by Q. 

Concerning ^ notice that in both cases the corresponding graphs have a spanning tree 
of maximum degree at most 3. For the square of a graph this has been proved in [H] and 
for three-connected planar graphs this is a classical result of Barnette . These yield (0) 
by and (jlUj) since the maximum of the product in (jlUj) is attained then the tree has 
the maximal possible number of vertices of degree 3. 

The required estimates for i^'i^^-free graphs giving (jUj) has been established in 0. Namely, 
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a Ki jn-i^ee graph has a spanning tree of maximum degree at most m. Moreover, such a 
tree can be modified to have aut{T) < (m — l)!((m — 2)!) ™-2 . 

The inequahty (jS)) due to Pyber ^21- If P is a hamihonian path Lovasz proved JT] (see 
also [7) s{P ^ G) < ^i^T'^- Since aut{P) = 2 this yields ©. Finally © follows 
from (jS)) with p = 1. 

We derive now another bound on aut{G) (see Theorem 3 below). First, we shall define the 
notion of a greedy spanning tree, T{vq, Vi, . . .Vg), of a. connected graph G by the following 
construction: 

We shall define the sequence of vertices fo; ''^ii ''^2, • • • , 'J^s of G and the corresponding se- 
quence Tq,Ti, . . .Tg of trees as follows: Let Vq be any vertex of G and let Tq be the tree 
containing vo and all the edges of G which are adjacent to vo (we mean that if a subgraph 
contains an edge, then it contains also its end vertices). Note that Tq is actually a star 
with central vertex Vo- In order to construct Ti choose any leaf Vi of Tq having at least 
one adjacent edge which is not adjacent to any vertex of Tq = {fi}, and add to Tq all the 
edges adjacent to vi which are not adjacent to any vertex in V{Tq) — {vi}. Denote the 
resulting tree by Ti. Continue this construction inductively: given Tj_i, let Vi be a leaf of 
Tj_i having an adjacent edge which is not adjacent to any vertex of Tj_i — {vi}, and add 
to Tj_i all the edges which are adjacent to Vi and which are not adjacent to any vertex of 
y(Tj_i) — {vi}. Denote the resulting graph by Tj. This construction is completed at step 
s, when for every leaf v of Tg, each edge of G which is adjacent to v, is also adjacent to a 
vertex in V{Ts) — {v}. 

It is easy to see that for a connected graph G, the above (greedy) construction results in 
a spanning tree Tg of G. This spanning tree will be called a greedy spanning tree of G and 
denoted by T = T(fo, fi, . . . , fg), where vo,vi, . . . ,Vg is the sequence of vertices used in 
the above construction of T. 

Using the above notation, we derive the following bound for autG. 



Theorem 3 Let G he a connected simple graph with n vertices and let T = T{vo, vi, . . . ,Vs) 
be a greedy spanning tree of G. Denote by ni the length of the orbit of vq under the action 
of the automorphism group ofG. Then 

s 

autG < ni{d{vQ))\ X{{dT{vi) - 1)! 

i=l 
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In particular, for any greedy spanning tree T of G we have: 

autG < n{d{vo))\ H (driv) - 1)! 

V e v{G) 

Proof. Let F be the automorphism group of G. Given vertices ui,U2, ■ ■ ■ ,Ur of G, denote 
by Cr{ui,U2, ■ ■ ■ , u^) the subgroup of F which fixes i^i, M2, . . . , li,-- Then we have aut{G) — 
ni|Cr(t^o)|- Since Cr(i'o) acts on the set Niyo) (the set of all neighbors of vq in G), and 
since Vi is a neighbor of Vq, wc have |Cr(vo)| ^ d{vQ)\CY{vQ^Vi)\ (equality holds if and 
only if Cr(fo) is transitive on N{vq)). Denote N{vq) = {vi,U2, ■ ■ - Ud^vo)}- Then, we have: 
\Cr{vo,vi)\ < {d{vo)-l)\Crivo,vuU2)\ < id{vo - l))id{vo - 2))\Crivo,vi,U2.u^)\ < ... < 
{d{vo) - l)\\Cr{vo,vi,U2, • • .,Ud{vo))\. Whence aut{G) < ni{d{vo))\\Cr{{vo} U N{vo))\. 

Since vi is adjacent to vq in T, we have that Cr{{vo}DN{vo)) acts on Nt{vi) — {vo}. It fol- 
lows by the arguments used in the preceding paragraph that \Cr{{vo}UN{vQ))\ < (drivi) — 
iy.\Cr{N{vo) U Nt{vi))\, and consequently, aut{G) < ni{d{vo))\{dT{vi) - l)!|Cr(A^(^;o) U 
Nt{vi))\. The theorem now follows by repeating the above arguments for the vertices 

V2,V3,. . . ,Vs. 

The following corollary is a straightforward result of Theorem 3. 

Corollary 1 Denote r = L " ag-T"^ J , ct ^ n - r{/S.G - 1) (clearly a < Ac - I). Then 

autG < na\AG\[{AG - 1)!]^ 

Remark It is easily verified that aut{K„) — n\, aut{Kjn jn) — 2(m!)^ and aut{Kp q) — p\q\ 
for p ^ q. Applying Theorem 3 for these graphs, we have that the bound of Theorem 3 
is exact (i.e., the corresponding inequality is actually an equality). On the other hand, 
except for the case of formula (1) applied for aut{Kn), the inequalities of Theorem 2 are 
not exact in the above cases. 
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